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Abstract

This paper deals with the performance evaluation of the collapsed dimension method (CDM) and the discrete
transfer method (DTM) in terms of computational time and their abilities to provide accurate results in solving ra-
diation and/or conduction mode problems in a 2-D rectangular enclosure containing an absorbing, emitting and
scattering medium. For some pure radiation cases, studies were made for two representative benchmark problems
dealing with radiative equilibrium and non-radiative equilibrium. For the combined mode, the transient conduction and
radiation problem was solved. The alternating direction implicit scheme was used for the solution of the finite difference
part of the energy equation. For the three types of problems considered, tests were performed for a wide range of aspect
ratio, extinction coefficient, scattering albedo, conduction-radiation parameter and boundary emissivity. For pure
radiation problems, results from the two methods were validated against the results from the Monte Carlo method. For
the combined mode, some steady-state results were compared with results available in the literature. For the transient
situations, results from the two methods were validated against each other. While both the methods were found to give

the same results, the CDM was found to be much more economical than the DTM.

© 2003 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Efficiency improvements in most industrial thermal
processes are achieved by increased process tempera-
tures. The optimum design of such processes is leading
to temperature loads near the existing material limits. In
recent years, high-temperature-resistant materials, made
not only of ceramics but also of special alloys, have
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become available to realize high-temperature furnaces,
gas turbine combustion chambers and blades, heat ex-
changers, porous volumetric solar receivers, surface and
porous IR-radiant burners, etc. [1]. Experimental and
numerical investigations are necessary in order to per-
form an optimum design and to elucidate the advantages
of the temperature increase of such improved processes
utilizing advanced high-temperature materials. Numer-
ical computations of flow with heat and mass transfer in
such high-temperature appliances require a through
consideration of radiative heat transfer. Numerical com-
putations of radiation based on conventional methods
such as the zonal method, the Monte Carlo method
(MCM), etc., coupled with the finite volume solvers of
the conservation equations prove to be laborious
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Nomenclature

a anisotropy factor

C, specific heat at constant pressure

G incident radiant energy in discrete transfer
method (DTM) formulation

(e effective incident radiant energy in collapsed

dimension method (CDM) formulation
effective intensity in CDM formulation
intensity in DTM formulation

thermal conductivity

length of the enclosure in the x-direction
length of the enclosure in the y-direction
total number of rays/intensities
conduction-radiation parameter

heat flux

source function

dimensional temperature

dimensional time

LS

Greek symbols

p extinction coefficient

0 non-dimensional temperature

n collapsing coefficient appearing in CDM
formulation

T optical thickness/depth

o planar angle appearing in CDM
b4 non-dimensional heat flux
w scattering albedo

14 non-dimensional time = kf*¢/pC,
0 density

g Stefan—Boltzmann constant
y polar angle in DTM

0 azimuthal angle in DTM

€ emissivity

Subscripts

b boundary

E east

L length

N north

n nth ray

R radiative

S south

W west

Superscript

* non-dimensional quantities

and very time consuming. For this reason, numerous
investigations [2-4] are currently being carried out
worldwide to assess computationally efficient methods.
This paper deals with the evaluation of such methods
and shows that the CDM provides advantages that
should be utilized in treating radiative transport prob-
lems with or without heat conduction.

Numerical simulations of the high-temperature ap-
pliances mentioned above require multi-dimensional
analysis. Treatment of radiative transport in the multi-
dimensional geometry is difficult mainly because of the
three extra independent variables namely the polar
angle, the azimuthal angle and the wavelength. Since
there is no way out to get rid of the physical dimensions
of the geometry and the wavelength of radiation, all
numerical models, except the zonal method and the
MCM, deal with different types of discretization
schemes to make radiation less and less dependent on
angular dimensions. The various methods differ pri-
marily in the angular discretization schemes and the use
of either the differential form or the integral form of the
radiative transfer equation.

The main objective behind the development of any
method for the solution of radiative transport problems,
apart from its versatility for various geometries, complex
medium conditions, etc., is that the method should be
computationally efficient.

The DTM is a widely used method. Because of its
successful applications to a wide range of problems

[2,3,5-10], it is part of commercial CFD solvers such as
FLUENT and CFX.

DTM is a ray tracing method. It employs discreti-
zation of the entire spherical solid angle (47) into a finite
number of sub-solid angles. In each sub-solid angle, it
assumes radiation to be isotropic. In planar geometry,
and in multi-dimensional geometry with an absorbing—
emitting medium, it is computationally not very expen-
sive. However, in multi-dimensional geometry with an
absorbing, emitting and scattering medium, it requires a
large number of rays, and thus becomes computation-
ally expensive. Further, this computational time be-
comes a great concern especially when one applies this
method to combined radiation, conduction and/or con-
vection mode problems, where large numbers of itera-
tions are required for the converged solution. Hence the
use of an alternative method having the potential to
provide accurate results with better economy is very
desirable.

In terms of problem formulation, accuracy of results
and computational efforts, the CDM is a promising
method [11-15]. Unlike other methods, in this method
radiative information from 3-D space is collapsed to a 2-
D plane in terms of the effective intensity and the col-
lapsing coefficient. Since in the CDM radiation is viewed
in the 2-D plane, all 2-D angular integrations over the
polar angle and the azimuthal angle in other methods
such as the DTM are replaced with 1-D integrations over
the planar angle. This collapsing of angular dimension
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brings many simplifications and makes this method
computationally very efficient. This method has been
successfully applied to a large class of problems dealing
with pure radiation [11,13,15] and also conjugate con-
duction and radiation [12,14].

Although the accuracy aspect of the CDM has been
well established in earlier studies, with reference to a
competitive method such as the DTM or any other
methods, its economy aspect has so far not been inves-
tigated. This is very important when one has to choose
for a method among more than 12 methods that are
available.

The DTM possesses features of the flux method, the
zonal method and the MCM, and is therefore a method
of choice over many other methods. As both the CDM
and the DTM are ray tracing methods, for comparison
of the economy aspect of the CDM, the DTM is suitable
as the reference method.

In this work, both the CDM and DTM are used first
to solve two benchmark radiative transport problems in
a 2-D rectangular enclosure in which only radiative in-
formation is required. The first benchmark problem
belongs to radiative equilibrium, while the other belongs
to non-radiative equilibrium. For these two problems,
for a range of parameters such as the extinction coeffi-
cient, the scattering albedo and the aspect ratio, the
CDM and the DTM results are compared and CPU
times are discussed. Next, transient conduction and ra-
diation heat transfer in a 2-D gray enclosure is consid-
ered. This is relatively a complex problem, as for the
chosen 2-D rectangular geometry, very few studies
[16,17] are available, and they deal with steady-state
situations. For the transient case, some results for a
black enclosure have been presented in [18]. In all these
studies [16-18], the applicability of different methods for
multi-dimensional conduction-radiation problems was
tested. The objective behind choosing the third problem,
therefore, is also to check the applicability of the CDM
and the DTM for this problem, and thereby to see how
the results from the two methods match at different time
levels, and compared with the DTM, how much less time
the CDM takes. This comparison is made for various
values of aspect ratio, conduction-radiation parameter,
scattering albedo, extinction coefficient and hot bound-
ary emissivity. Further, as part of the validation of the
combined mode results from the two methods, for some
cases, the results are compared with those available in
the literature [14,16,18].

2. Formulation

The 2-D rectangular geometry under consideration is
shown in Fig. 1. All four boundaries are diffuse and
gray, and the contained homogeneous medium is ab-
sorbing, emitting and scattering. Thermophysical prop-
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Fig. 1. Geometry and the coordinates of the problem under
consideration.

erties such as density p, specific heat C,, thermal
conductivity k£ and the optical property, extinction co-
efficient f§, are assumed to be constant. For the three
types of problems considered in this work, specifications
are as follows.

Problem 1. The south boundary of the 2-D enclosure is
at some finite temperature 7g and is thus the radiation
source. The other three boundaries are cold (at zero
temperature). The temperature of the medium is un-
known. This case is the representative of a 2-D bench-
mark radiative equilibrium problem.

Problem 2. All four boundaries of the enclosure are cold
and the temperature of the medium is uniform and
constant. The absorbing, emitting and scattering me-
dium is thus the known radiation source. This case is the
representative 2-D benchmark problem for the valida-
tion of any method for solving only the radiative part of
a non-radiative equilibrium problem.

Problem 3. Initially at time ¢ = 0, the entire system is at
some finite temperature 7. For time ¢ > 0, the south
boundary is brought to temperature Ts = 27;. The
temperature of the stationary conducting-radiating
participating medium is unknown. This is a combined
mode problem. It belongs to the class of non-radiative
equilibrium problems in which both conduction and
radiation modes have to be solved together.

Of the three problems chosen above, Problem 3 is the
general one. Hence the formulation is given for that
case. Problems 1 and 2 are special cases of Problem 3.

In the absence of convection and heat generation, for
a 2-D rectangular geometry, the equation for conser-
vation of total energy is
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For constant thermal conductivity &, in non-dimensional
form, Eq. (1) is written as

30 0?0 %0 1
a—é—a—_@Jra—T%—mv'TR (2)
where 7, = fix and 1, = fy are the optical coordinates in
the x and y coordinate directions (Fig. 1), respectively. It
should be noted that in Eq. (1), V = (6/0x 4 0/0y) and
in Eq. (2), V = (0/0t, + 0/01,). With T, as the reference
temperature, in Eq. (2), in non-dimensional form, the
temperature 0, the conduction-radiation parameter N,
the radiative heat flux ¥y and the time ¢ are defined as

T k t  kpt
0= ) N = ﬁ:; ) lpR = qli ’ ﬂ
Tref 40—Tref O-T;'ef pC pC
kB

For Problem 3, the initial and boundary conditions are
as follows:

Initial condition: 0(ty,1,,0) =0.5

Boundary conditions:  6(0,t,, &) = 0.5
0(z,, r}, & =05 (3)
0(t,,0,¢) = 1.0
H(T”‘L‘L , =05

For solving Eq. (2) by any of the numerical techniques
such as the finite difference method, the finite element
method, the finite volume method, etc., information
about the divergence of the radiative heat flux V - Py is
required first. Unlike other methods, including the DTM
considered here, since CDM views radiation differently,
the expressions for V- %Wr and the other associated
quantities such as incident radiation, intensity, etc., are
different in the CDM and the DTM. Therefore, formu-
lations for the evaluation of V - ¥y in the two methods
are presented briefly below. More details on the use of
the two methods, in the context of the present paper, can
be found in papers by Mishra and co-workers [11-15].

2.1. Collapsed dimension method formulation

In the CDM, divergence of radiative heat flux V - ¥y
is given by
G’*
4
) @

where 7 is the collapsing coefficient, w is the scattering
albedo and G is the non-dimensional effective incident
radiation. In the CDM, G™ is given by

V-‘I’R:n(l—w)<n94—

G 2n
G'=—F= I'(o)d 5
= | re (5

Iel

2

where I* (= 1/(6T2;/2)) is the non-dimensional effective
intensity and o is the angle of the effective intensity
measured from the control surface. It should be noted
that in the CDM, collapsing of the 3-D radiative infor-
mation to the 2-D solution plane in terms of the effective
intensity /* is made feasible by the collapsing coefficient
n. More details on this can be found in [11,13].

In Eq. (5), the effective intensity /* at any optical
depth 7 in direction o in the solution plane is found from
the recursive use of the following equation:

+ "1 — exp(—o)] (6)

In any ray tracing method such as the CDM, the DTM,
etc., a recursive relation (like Eq. (6)) is obtained directly
from the integral form of the radiative transfer equation
by performing integrations over a small optical path-leg
7 such that the source function S can be assumed to be
constant and hence it can be taken outside the integral.
Therefore, in the above equation, the optical path-leg ©
between the downstream point (# + 1) and the upstream
point 7z is small enough and the source function " given
by Eq. (7) is constant over the optical path-leg t.

In the 2-D problems considered here, the constant
value of the source function S™ is taken as its value at
the exact middle of the optical path-leg. This value of the
source function at the middle of the optical path-leg is
computed using the bilinear interpolation of the source
functions at the four corners of the control volume to
which the effective intensity belongs. Source functions at
the corner points of the control volumes are known from
the previous iteration. In the first iteration, computa-
tions start with some guess values.

If anisotropy of the medium is approximated by lin-
ear anisotropic phase function (p(o/ — ) = 1 + a; sin o X
sino’), the source function ™ in terms of G** and Py is
given by

I, =1I;exp(—n)

+ 26" + 2ay sina¥y) (7)

1 4
=(l—-w)o o

where a; is the anisotropy factor and ¥y is the non-
dimensional net radiative heat flux. In the CDM, ¥y
is given by

n 2n
‘I’R:%{/ 1*(a)sinocdoc—/ I*(oc)sinzxdoc} (8)
o=0 o=
In the CDM, intensities are always traced from the
boundaries. If in Eq. (6), for the given direction «, if the
upstream point 7 lies on the boundary, then I = I;, and
its values have to be found using the radiative boundary
condition. For a diffuse-gray boundary with tempera-
ture 7, and emissivity €, the boundary effective intensity
in the CDM is given by

ebT
_ T4

ref

1— SR
Iy = po— / I" sinoda 9)
2 =0
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where the first and the second terms on the right-hand
side represent the emitted and reflected components of
the boundary effective intensity, respectively.

For the evaluation of G* and Wy, Egs. (5) and (8) are
numerically integrated as

2n M
G =/ I (o) do =~ I*(o,) Aa, 10
i (o) > (o) (10)

n=1

n 2n
'PR:%[/ ]*(oc)sinotdot—/ ]*(oc)sinocdoc]
0 n

M2 M
[chl* o) Z c,,I*(oc,,):| (11)

n=M/2

where the weight factor is

Ao, Aai,
cos(an—i-T) —cos(oc,,— 5 )’ (12)

In Egs. (10) and (11), M is the number of effective in-
tensities spanned over 0 < o < 27, and in Eq. (12), Aa, is
the discrete angle in the 2-D plane over which the nth
effective intensity is assumed to be isotropic. In the
present case, Aa, is the same for all effective intensities.

To solve the energy equation (Eq. (2)), V - Pr given
by Eq. (4) is substituted in Eq. (2). This yields the desired
governing integro-differential equation to be solved in
the CDM:

Cyn =

o0 9*0 %0 1 . G
6_5_@+@_W"(1_w)(n0 - 2) (13)

For Problem 1, which is representative of the radiative
equilibrium case, V- ¥ =0, meaning that only the
radiation mode is present. As a result, in this case, the
source function (Eq. (7)) is simplified. This simplified
form of the source function is the one which results from
the substitution of w = 1. Further, in this case, the
temperature 6 of the medium is unknown. Once G"* has
been calculated, 0 is found from

0= (f_)/ (14)

For Problem 2, V - Yy # 0. Here the temperature 0 of
the medium is known and Eq. (7) is the required source
function. For all three types of problems considered,
radiative heat flux is computed using Eq. (11). The
collapsing coefficient # values for any f and o are
computed from the expressions given in [11].

2.2. Discrete transfer method formulation

Except for the CDM, in all other methods, including
the DTM, the divergence of the radiative heat flux
V - ¥y appearing in Eq. (2) is given by

V~‘I’R:4(1—a))<0“—f—;) (15)

where G* is the non-dimensional incident radiation. It is
given by, and in the DTM it is numerically computed

from,
i"(y,0)sinydydd
‘ﬂéf ./o /‘y:O (/ ) e

M; M,
~ Z Z (ye, 0;) siny; sin(Ay) Ad (16)

k=1 I=1

where i* (= i/(cT*;/n)) is the non-dimensional intensity,
y is the polar angle, ¢ is the azimuthal angle, and M, and
M; are the number of intensities i* considered over the
complete span of y (0<y<n) and 0 (0<J<2n), re-
spectively.

With similar arguments to those given for the CDM,
in the DTM the recursive relation for finding the in-
tensity i* at any downstream point (n+ 1) in the ray
direction (7, d) is given by

fy1 = i, exp(=7) + 5[l — exp(—1)] (17)

The boundary intensity i in the DTM is given by
GbT (I—e) / /
by =

ref o=

For the linear anisotropic phase function (p((y',d') —
(y,0)) = 1 +ajcosycosy’), the source function appear-
ing in Eq. (17), in terms of G* and Wg is given by

) cosysinydyds

(18)

+%[G* + aymcos ¥ (7)] (19)
It should be noted that as for the CDM, in the DTM
also, in this work the constant value of the source
function at the exact middle of the optical path-leg t was
computed using the bilinear interpolation of the source
functions at the four corner points of the control vol-
ume.

In the DTM, the net radiative heat flux Py is given
by and numerically computed from,

/ / (y,0)sinycosydydo
0 ¥

Z Z Ves O1) COS Y, sin 7y, sin(Ay) Ad (20)

§*=(1-w)o

To solve energy Eq. (2), the divergence of radiative heat
flux given by Eq. (15) is substituted in Eq. (2), which
yields the desired governing integro-differential equation
to be solved in the DTM.
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For solving Problem 1 using the DTM, the source
function is the one which results from substitution of
o =1 in Eq. (19). The unknown temperature 0 of the
medium is obtained from Eq. (15) by setting V - ¥r = 0:

o (f_)/ (22)

Eq. (20) for the radiative heat flux is applicable to all
types of problems.

3. Results and discussion

Here the CDM and DTM results for the three types
of problems are presented. All results from the two
methods are for grid and ray independent situations.
Although numbers of rays required in the two methods
are different, for a particular situation the grid size in the
two methods was kept the same.

For Problems 1 and 2, for aspect ratio L,/L, = 1, the
CDM and the DTM results were compared against the
MCM results generated by the authors. For Problem 3,
results from the two methods were validated against
each other. The computational times required in the
CDM and the DTM are presented for various condi-
tions.

In Problem 1, the CDM and the DTM results for
heat flux variations along the hot (south) boundary and
the centreline (x/L, = 0.5) emissive power distributions
were compared for different values of the extinction
coefficient ff and aspect ratio L,/L,. In Problem 2, results
from the two methods were compared for the effects of
B, scattering albedo ® and L./L,. For the combined
mode problem (Problem 3), first the CDM and the
DTM results for the steady-state temperature 6 obtained
from the 2-D rectangular geometry codes for L,/L, =
10.0 were validated by comparison with the 1-D CDM
results [14]. For L,/L, = 1.0, for some cases, steady-state
results from the two methods were compared with the
numerical data presented in the literature [16,18]. Next,
to assess the performance of the two methods for the
transient situation, the CDM and the DTM results at
different instants ¢ were compared against each other
over a wide range of values of conduction-radiation
parameter N, extinction coefficient f§, scattering albedo
o, hot boundary emissivity es and L,/L,. Transient
problems in both methods were solved with the time step
A¢ =0.001, and steady-state conditions were assumed
to have been achieved when the temperature difference
between the two consecutive time levels at each grid
point did not exceed 0.00001. It should be noted that in
all cases where the effects of aspect ratio L./L, were
studied, L, was always kept at unity. All computations

were performed on a SUN Ultra-60 workstation (2x
CPU UltraSPARC 360 MHz, RAM 1280 MB at 120
MHz).

In all results presented below, the temperature of the
south boundary Ts is the reference temperature 7, for
Problems 1 and 3. The medium temperature 7T, is the T
for Problem 2.

3.1. Problem 1: Radiative equilibrium—>boundary emis-
sion case

In Figs. 2 and 3, the CDM and the DTM results are
compared for non-dimensional heat flux Wx and emis-
sive power (T/Ts)* distributions. For these results, all
boundaries are black and the medium is absorbing,
emitting and isotropically scattering. The south bound-
ary is hot, whereas the other three boundaries are cold.
For grid and ray independent situations, in the CDM,
the results presented in Figs. 2 and 3 required 20 x 20
control volumes and 64 rays. However, in the DTM, for
extinction coefficients = 0.1, 1.0 and 2.0, 12 x 24 rays
were used, and for f = 3.0 and 5.0, 24 x 48 rays were
used.
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Fig. 2. Comparison of the CDM and the DTM results with the
MCM results for the effects of extinction coefficient  on (a)
heat flux ¥r along the hot (south) boundary and (b) the
centreline emissive power (T/Ts)".
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Fig. 3. Comparison of the CDM and the DTM results for the
effects of aspect ratio L,/L, on (a) heat flux ¥y along the hot
(south) boundary and (b) the centreline emissive power (7'/ T5)4.

In Fig. 2(a), the CDM and the DTM results for the
variations of Yy along the hot (south) boundary are
compared for various values of the extinction coefficient
p. In Fig. 2(b), comparisons of emissive power (T/TS)4
variations at x/L, = 0.5 along y/L, are made. It can be
seen that both the CDM and DTM results compare well
with the MCM results. For the level of accuracy shown
in Fig. 2, for $ = 0.1, 1.0, 2.0, 3.0 and 5.0, CPU times in
the CDM were 9.65, 24.23, 39.74, 61.36 and 109.28 s,
respectively, and the corresponding CPU times for the
DTM were 31.21, 138.83, 229.95, 1399.78 and 2501.48 s,
respectively. Thus, from above results it is seen that for
the same level of accuracy, the CDM is much more
faster than the DTM.

In Fig. 3(a) and (b), for f = 1.0, the CDM and DTM
results for Wy and (T/Ts)* are compared against each
other for L,/L, = 0.1, 1.0, 3.0 and 5.0. For all values of
the aspect ratio L,/L,, the CDM results compare very
well with the DTM results. In this case, for L,/L, = 0.1,
1.0, 2.0, and 5.0, the CPU times in the CDM were 9.56,
24.23, 28.92, and 29.76 s, respectively, and the corre-
sponding CPU times in the DTM were 55.49, 138.83,
162.17, and 181.51 s, respectively.

3.2. Problem 2: Non-radiative equilibrium—isothermal
medium emission case

In this case, all four boundaries are black and cold.
The absorbing, emitting and isotropically scattering
medium is at constant temperature. In Fig. 4(a)—(c),
variations of non-dimensional radiative heat flux Py
along the south boundary are compared. In this case, in
the CDM 64 rays were used, while in the DTM, 12 x 24
rays were used for f = 0.1 and 1.0 and 24 x 48 rays were
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Fig. 4. Comparison of the CDM and the DTM results for heat
flux P variations along the south boundary for the effects of
(a) extinction coefficient f, (b) scattering albedo w and (c) as-
pect ratio L, /L,.
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used for = 3.0 and 5.0. For L,/L, = 1.0, in Fig. 4(a)
and (b), the CDM and the DTM results for different
values of ff and w are compared with the MCM results.
Both the CDM and DTM are found to give a very
good comparison. In Fig. 4(c), for f = 1.0 and w = 0.0,
results from the two methods are compared for
L,/L,=0.1, 1.0, 2.0 and 5.0. The CDM results are
found to compare very well with the DTM results. For
the results presented in Fig. 4(b), for = 0.5 and 0.9,
CPU times in the CDM are 1.64 and 2.58 s, respectively.
The corresponding CPU times in the DTM are 13.57
and 21.91 s. In problem 2, for w = 0.0, no iterations are
required. The CPU times in both the methods are neg-
ligible.

It is to be noted that the situations which require
iterations, for different sets of parameters, even though
the ratio of the number of rays in the CDM and the
DTM are the same, the ratio of the CPU times in the
two methods are different. This is for the reason that
the number of iterations required for the converged so-
lutions are different for different sets of parameters and
CPU times per iteration in the two methods are also
different. However, for a given set of parameters, the
number of iterations in the two methods have been
found the same.

3.3. Problem 3: Combined mode—transient conduction
and radiation

Having validated the CDM and the DTM against the
MCM, and also against each other for Problems 1 and 2
above, before proceeding to the complex situation, it is
important to check that for higher aspect ratios, such as
L./L, =10.0, results from the two methods for the 2-D
rectangular enclosure problem compare satisfactorily
with the 1-D planar medium results [14]. Next, as part of
the further validation studies, for a square enclo-
sure (L,/L, = 1.0), for three different values of the con-
duction-radiation parameter N and the extinction
coefficient f§, the CDM and the DTM steady-state tem-
perature 0 results are compared with the numerical data
provided in the literature [16,17]. It should be noted that
for grid and ray independent situations, for all results
presented in the following paragraphs, in both the
methods runs were taken for 20 x 20 control volumes,
and in the CDM 64 rays and in the DTM 24 x 48 rays
were used.

In Fig. 5(a)—(c), for L,/L, =10.0, at x/L, = 0.5, the
variations in the temperature 6 of the medium along
v/L, are given. When L, /L, is large (L, = 10,L, = 1), the
effects of the east and west boundaries are insignificant
and the centreline temperature in this case approaches
that for the temperature distribution for the 1-D planar
medium having same boundary conditions at the south
and north boundaries [14]. This fact is demonstrated in
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Fig. 5. Comparison of the 2-D CDM and the 2-D DTM results
for the steady-state centreline temperature 6 distribution for
aspect ratio L,/L, =10 with 1-D CDM results [14] for the
effects of (a) extinction coefficient f5, (b) conduction-radiation
parameter N and (c) scattering albedo w.

Fig. 5(a)-(c). For all results presented in Fig. 5, the
boundaries are black. It should be noted that in these
figures, the 2-D CDM and the 2-D DTM results are the
steady-state results for the transient problem.

For scattering albedo w = 0.0 and the conduction—
radiation parameter N = 0.1, in Fig. 5(a), 0 results from
the 2-D CDM and the 2-D DTM codes for extinction
coefficient f#=0.1, 1.0, 2.0 and 5.0, are compared
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against the 1-D CDM results. In Fig. 5(b), for = 1.0
and o = 0.0, these comparisons are made for N = 1.0,
0.1 and 0.01. For f=1.0 and N =0.01, in Fig. 5(c),
comparisons are made for w = 0.1, 0.5 and 0.9. It can be
seen that in all cases, when the effects of the side
boundaries are negligible, the 2-D CDM and the 2-D
DTM results obtained by solving the transient problems
match perfectly with the 1-D planar medium results.

In Table 1, for three different values of (0.1, 1.0 and
5.0) and N (0.01, 0.1 and 1.0), the CDM and DTM
temperature results for 20 x 20 control volumes are
compared with those of Yuen and Takara [16] and Wu
and Ou [18], which are for 10 x 10 and 20 x 20 control
volumes, respectively. For the black square enclosure
(L/L, = 1.0) for all these results, the medium is ab-
sorbing—emitting (w = 0.0). It can be seen from Table 1
that the results from the CDM and the DTM are in very
good agreement with each other and also with those in
the literature obtained using two different methods.

After having proved the correctness of the 2-D CDM
and the 2-D DTM codes above, below the temperature 0
distributions at various instants ¢ obtained from the
CDM and the DTM are compared and remarks about
the CPU times of the two methods are made.

In Fig. 6(a)—(c), 0 results from the CDM and DTM
are compared for N = 0.01, 0.1 and 1.0 respectively. All
these results are for L,/L, = 1.0, f=1.0 and o = 0.0.

Table 1

The 0 results are compared at time &= 0.001, 0.005,
0.015, 0.040 and steady state. For all values of N, at all
times &, the CDM results compare very well with the
DTM results. For N = 0.01, 0.1 and 1.0, CPU times in
the CDM were 144.69, 402.37 and 488.18 s, respectively.
The corresponding CPU times in the DTM were
3398.39, 10139.58 and 10492.26 s. The CDM is thus
more than 20 times faster than the DTM.

From Fig. 6(a)—(c), it is observed that in the early
stage (¢ = 0.001), N does not have much effect on the 0
distribution. However, as time passes, the effect in-
creases. For the radiation-dominated situation (N =
0.01, Fig. 6(a)), owing to an increased contribution from
radiation, at any instant &, the temperature in the me-
dium is high. Further, since radiation is an instanta-
neous process, when its dominance is greater (for lower
values of N), the steady-state is reached fast. As can be
seen from Fig. 6(a)-(c), the non-dimensional steady-
state times & for N = 0.01, 0.1 and 1.0 are 0.088, 0.257
and 0.311 respectively.

In Fig. 7(a)-(c), comparisons of the CDM and the
DTM results are made for the effects of the extinction
coefficient f5. For these results, the values of L, /L,, w and
N are 1.0, 0.1 and 0.0 respectively. For all cases, the
CDM and the DTM results are found to match very
well. For f=0.1, 1.0 and 5.0, CPU times in the CDM
were 77.12, 402.37 and 442.30 s, respectively. For the

Comparison of the steady-state centreline (x/L, = 0.5) temperature 0 results from the CDM and the DTM at various locations along
/L, with results in [16,18] for different values of the extinction coefficient f and conduction-radiation parameter N; L,/L, = 1.0,

w = 0.0, all boundaries are black

p N Method Centreline 0 at different y/L,
1.0 0.7 0.5 0.3 0.0
0.1 0.1 Ref. [16] 0.500 0.561 0.626 0.733 1.000
Ref. [18] 0.500 0.563 0.630 0.733 1.000
DTM 0.500 0.561 0.626 0.734 1.000
CDM 0.500 0.561 0.626 0.734 1.000
1.0 1.0 Ref. [16] 0.500 0.564 0.630 0.737 1.000
Ref. [18] 0.500 0.560 0.630 0.733 1.000
DTM 0.500 0.564 0.630 0.737 1.000
CDM 0.500 0.564 0.630 0.737 1.000
1.0 0.1 Ref. [16] 0.500 0.589 0.661 0.763 1.000
Ref. [18] 0.500 0.590 0.663 0.760 1.000
DTM 0.500 0.594 0.663 0.760 1.000
CDM 0.500 0.594 0.663 0.759 1.000
1.0 0.01 Ref. [16] 0.500 0.653 0.726 0.807 1.000
Ref. [18] 0.500 0.663 0.725 0.791 1.000
DTM 0.500 0.665 0.725 0.790 1.000
CDM 0.500 0.666 0.725 0.789 1.000
5.0 0.1 Ref. [16] 0.500 0.585 0.689 0.834 1.000
Ref. [18] 0.500 0.626 0.707 0.802 1.000
DTM 0.500 0.628 0.708 0.802 1.000
CDM 0.500 0.626 0.706 0.802 1.000
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DTM, the corresponding CPU times were 1710.11,
10139.58 and 10702.83 s. The CDM is more than 22
times faster than the DTM.

From Fig. 7(a)-(c), it is seen that as the medium
becomes optically thick, i.e., as f increases, the steady-
state is delayed, and the steady-state temperature in the
medium increases. However, at any time &, the transient
temperatures in the medium are lower for higher values
of 8. With all other parameters fixed, with an increase in
S, the increased absorption and scattering in the medium
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does not allow the radiation from the boundaries to
penetrate deep into the medium. As a result of which
steady state is delayed.

In Fig. 8(a)—(c), comparisons of the CDM and DTM
results are made for the effects of scattering albedo w.
For all these results, 0 distributions are presented for
L./L,=1.0, =10and N =0.01. It can be seen that as
o increases, the steady-state time increases. This trend is
due to the fact that with increase in w, the medium ab-
sorbs and emits less energy and approaches a conduc-
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tion-like situation. For example, for o = 1.0, V- ¥ =
0.0, the radiation term does not appear in the energy
equation. For all the results presented in Fig. 8, the re-
sults from the CDM and the DTM match each other
very well. In this case, the CDM is about 22 times faster
than the DTM.

Comparisons of the CDM and DTM results for the
effects of hot (south) boundary emissivity es on 0 dis-
tributions at different instants ¢ are shown in Fig. 9(a)-
(c). For these results, the values of f, N, w and L, /L, are

1 T T T T
0.95 N\ £=0.001,0.005, 0.015, 0.040, 0.088 (SS) ]
0.9 € =10
fO.SS» Lx/Ly = 1.0,N = 0.01,B = 1.0, w=0.0}
5 08F g
=075 oM — 4
;5_‘ 07k DIM o |
S 065+ 1
0.6} :
055} 1
036 02 04 0.6 0.8 1
(a) Distance y/Ly
1 T T T T
0.95 € =05 A
0.9 Lx/Ly=10,N=0.01,3=1.0, ®=0.0|
©0.85} :
£ 08t £=0.001, 0.005, 0.015, 0.040, 0.099 (SS)
075} 1
& 07} oM ——
E 065 L DTM o 4
0.6 :
0.55} :
05 0.2 0.4 0.6 0.8
(b) Distance y/Ly
1 T T T T
0.95 € =0.1 iy
0.9 Lx/Ly =1.0,N=0.01,8=1.0, ®=0.0| ]
D
085 1
5 08f .
5075} {= 0.001,0.005, 0.015,0.040, 0.112 (SS)
£ 07} .
2065+ e ]
o
0.6} 8~ g
055} .
0.5
0 0.2 0.4 0.6 0.8 1
(c) Distance y/Ly

Fig. 9. Comparison of the CDM and the DTM results for the
centreline temperature 0 distribution at time ¢ = 0.001, 0.005,
0.015, 0.04 and SS for the hot (south) boundary emissivity €s (a)
1.0, (b) 0.5 and (c) 0.1.

1.0, 0.01, 0.0 and 1.0 respectively. In Fig. 9(a)—(c), the
hot (south) boundary emissivity es = 1.0, 0.5 and 0.1,
respectively. However, for all these results, the other
three boundaries, viz. north, east and the west, are
black. As in all previous cases, in this case also, it is seen
that at all times, the CDM and the DTM results com-
pare with each other very well. The CDM is about 20
times faster than the DTM.

It can be seen from Fig. 9(a)—(c) that when the south
boundary is reflecting more (es = 0.1), the steady state is
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attained late and at any instant £, the temperature of the
medium is lower. Further, for lower values of e, the
temperature gradients near the hot boundary are higher.
As the hot boundary becomes more reflecting, radiation
emanating from the hot boundary becomes weak (see
Eq. (9) or (18)), as a result of which sharp gradients are
observed near the hot boundary, the temperature at any
instant in the medium is lower and, since the radiative
contribution decreases, the steady state is reached late.

4. Conclusions, final remarks and outlook

The performance of the CDM and the DTM in terms
of the computational time and their abilities to provide
accurate results was evaluated for three types of prob-
lems. For the boundary emission and the isothermal
medium emission cases, the CDM and DTM results for
aspect ratio L,/L, =1 were compared with the MCM
results. For L,/L, # 1, results from the two methods
were compared against each other. For the combined
mode problem, for the steady state, for the effects of the
extinction coefficient f, the conduction-radiation para-
meter N, and the scattering albedo w, the 2-D CDM and
the 2-D DTM codes for L, /L, = 10.0 were found to give
the same results as given by the CDM code for the 1-D
planar medium [14]. For the black square enclosure
(L,/L, = 1), for various values of N and f, the CDM
and DTM steady-state results were found to give an
excellent comparison with the results available in the
literature [16,18]. In this way once the 2-D CDM and the
2-D DTM codes had been validated for the boundary
emission, the isothermal medium emission and some
steady-state benchmark results for the combined mode
problems, transient temperature distributions were
found and compared for various parameters such as N,
f, w and es. For all the parameters considered, CDM
results were found to give an excellent comparison with
the DTM results. Further, for all cases, the CDM was
found much more economical than the DTM.

In this work, the CDM was applied to a geometri-
cally simple 2-D rectangular enclosure. There is no
reason, however, to believe that the advantages of this
method, demonstrated in this paper, will diminish as the
geometry of the 2-D computational domain becomes
more complex. Hence owing to the simplicity of the
method and its ability to provide accurate results with
much better economy, the authors recommend the use of
the CDM for radiative transport problems.
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